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ABSTRACT. In this paper, we derive the I'-limit of functionals pertaining to some optimal
material distribution problems that involve a variable exponent, as the exponent goes to infinity.
In addition, we prove a relaxation result for supremal optimal design functionals with respect
to the weak-* L (€2; [0, 1]) x W70 (Q; R™) weak topology.

1. INTRODUCTION

In this paper, we study the asymptotic behavior of a sequence of functionals related to op-
timal design problems and defined on Sobolev spaces with variable exponent in space, as the
exponent goes to infinity. It is a sequel of a previous work dealing with the constant exponent
case [1].

Variable exponent spaces are connected with variational integrals verifying non standard
growth and coercivity conditions [2]. Such functionals are used in the modeling of electrorhe-
ological fluids [3, 4, 5] and thermorheological fluids [6] and in image processing [7, 8]. The
energy functionals considered correspond to a two-phase mixture of different properties, such
as stiffness or electric resistivity, in different regions of the domain under consideration. The
optimal design models, describe the optimal distribution of such a mixture with respect to some
specific criterion. Minimizing such energies makes it possible to improve the mechanical or
electrical performance by optimizing the distribution of these properties.

In order to perform our analysis, we use I'-convergence techniques (see section 2). These
techniques were already used in the study of optimal design models in the works [9, 10] in the
context of a dimension reduction process for thin films.

In this work, we consider a sequence of optimal design models described by functionals of
the form

00 u) = (YW1 (V) + (1= )W (V)| ().
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where x(x) € {0, 1} denotes the characteristic function of the first phase, Vu the gradient of
and W;, i = 1,2 models the energy density of the ith phase. The norm |[.||, () is the Luxem-

bourg norm associated with the Lebesgue spaces with variable exponents L P () (;R™) (see
Section 2.2), defined by

LP2O(Q:R™) = {u: @ — R™, measurable, such that / u(z)|Pr @ dz < co}.
Q

Then, we proceed with an asymptotic analysis when the exponent p,, (.) of the energy density
goes to infinity in a sense specified below.

We obtain a limit energy of supremal kind that can model, for example, dielectric breakdown
for double phase composites (see [11, 12] and the references therein) or some simplified models
of polycrystal plasticity (see [13]). In the last two references, analogous asymptotic analyses
using I'-convergence techniques for functionals involving a single phase elastic density can
be found. See also [14, 15], where the authors obtain limit models under some differential
constraints, involving supremal functions and .A-quasiconvex envelopes. We also mention [16]
where the authors obtain an L? approximation and a lower semicontinuity result for supremal
functionals.

In [17], the authors present an analogous analysis as in [14], generalizing to the variable
exponent case. We mention that in these works, the authors make use of the technique of
Young measures which we do not use in our analysis.

Let po > 1. Suppose that € is a regular domain in RY with |Q| < +o0. Let (p,,) = ( p,(z))
be a sequence of Lipschitz, positive, continuous functions defined on €2 and satisfying

P,

p, — +ooand ngrﬁr—loopig =1,

where p,, = inf p,, and p,, = supp,, < oo. Notice that the last hypothesis imply that
P < 5pn,

for some 5 > 1.
Consider the sequence of functionals I, defined on L>°(€2; [0, 1]) x LPo(2; R™) by

x € L>(:{0,1}),

IXW1(Vu) + (1 = x)Wa(Vu)llp, () if {u € WheO)(Q; R™),

IH(X7 u) =
400 otherwise,

where W; are continuous functions verifying that there exist o; > 0 and ; > 04 = 1, 2, such
that

Wi(A) > ay| A7
The functional I,, represents, for example, the elastic energy of a solid occupying the domain

) and undergoing the deformation w, while x represents the characteristic function of the first
phase of stiffness.
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Let V : [0,1] x M™*¥ — R defined by
V(k,A) = cWi(A) + (1 — k)W (A). (1.1)
Let I defined on L*>°(£2; [0, 1]) x LPo(Q; R™) by

() = V*(x, Vu)||so if u € WH(; R™),
= 400 otherwise,

where

V*(k,A) = pEI—iI-loo ierg { (/Q (V((z), A+ Vgo(:z:)))pdm> %,

P e WIH@R™), 0 € L@ {0.1)), [ Ola)ds = x}.
Q
Our main result is the following Theorem.

Theorem 1.1. The sequence of functionals I, I'-converges with respect to the L>°(Q; [0, 1])
weak-+ x W1P0(Q; R™) weak topology to I as n goes to <.

In the next section we present some brief preliminaries on the notions of I'-convergence,
Lebesgue-Sobolev spaces with variable exponent and cross quasiconvexity. The following
section contains a relaxation result, Proposition 3.1, which is a consequence of the I'-limit
result obtained in [1]. Its proof is based on Theorem 6.1 where we recover the same result as
in [1], by writing the limit functional in a different form, see the Appendix section. The proof
of Theorem 1.1 is given in section 4. Section 5 is then devoted to some auxiliary results.

2. PRELIMINARIES

2.1. T convergence. Let (G,,), be a sequence of functionals defined on a topological space
X with values in R U {400}. The I'-lower limit and I'-upper limit of (G),),, are given by
I' —liminf G, () :== sup liminf inf G, (y)

UeN(z) "o yeU

and
I' — limsup Gp(x) := sup limsup inf G,(y),

UeN(z) n—oo YeU
where NV (z) denotes the set of all neighborhoods of = in X. If there exist G : X — RU{+o0}
such that I' — liminf G,, = T — limsup G, = G, then we say that (G,,),, I'-converges to G
and we write G := ' — lim G,,. When X is first countable we have the equivalent definition in
terms of sequences, that is, (G5, ), is said to I'-converge to the limit functional G with respect
to the topology of X if and only if the following two conditions are satisfied for every x € X:

YV x, =, hII_l)iIlf Gn(zy) > G(x),

3z, — z, limsup G, (z,) < G(x).

n—o0
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The main properties of I'-convergence are first that, up to a subsequence, the I'-limit always
exists and second that if a sequence of almost minimizers stays in a compact subset of X, then
the limits of any converging subsequence minimize the I'-limit. In particular we have that, if
G is the I'-limit of GG, and for every n, x,, is a minimizer of G, with x,, — x in X, then z is a
minimizer of G. Also, when the limit functional verifies some coercivity properties, the limit
minimization problem has always a solution due to the lower semicontinuity of the I'-limit with
respect to the considered topology (see [18, 19]).

2.2. Lebesgue-Sobolev spaces with variable exponent. We recall the following properties
of Lebesgue and Sobolev spaces with variable exponent (see [20]). Let p : £ — [1, 00| be a
measurable function with p™ := ess sup p(z) and p~ := ess inf p(z). We define the Lebesgue
space with variable exponent LP() (Q; R™) by

LPO(Q;R™) = {u : @ — R™, measurable, such that / lu(z)[P@dz < oo}
Q

Endowed with the Luxembourg norm introduced by I. Sharapudinov in [21]

j u(@) oo
Hqu(.) = inf{\ > 0; /Q)\‘P( dx <1},

it is a Banach space and the ||.||p(.) norm is lower semicontinuous with respect to almost ev-
erywhere convergence.

If we suppose p™ < oo, then it is also a separable space and C5°(€Q;R™) is dense in
LPO(Q; R™).

If in addition we suppose that p~ > 1, then it is a uniformly convex and reflexive space.

Similarly, we define the Sobolev space W' P() (Q; R™) by

WHPO(Q:R™) = {u € LPO)(Q; R™) such that Vu € LPU) (Q; M™* V),
where Vu denotes the distributional gradient of w. It can be endowed with the norm

lullipc) = Nullpey + 11Vl

that makes it a Banach space, which is separable when p is bounded and uniformly convex,
thus reflexive, when 1 < p~. Similarly to the result stating that if |2| < oo we have

lim ||u||, = ||u
Tim Jlullp = el
we have also that, if |Q2] < oo, u € L>®(2; R™) and p,, is a sequence of Lipschitz continuous
functions verifying

p,, — oo and there exist 3 > 0 such that p,; < Sp,,

then,

Timlullp, ) = l[ul|oc
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Let pp() : LPO((Q;R™)) — R be the modular of LPL)((€Q2;R™)) defined by

— [ Ju)Pdz
Q

This modular is (sequentially) lower semicontinuous with respect to weak convergence in
rt) (©2; R™) and almost everywhere convergence. It verifies the unit ball property with the
||-||p(.) norm, more precisely, for every u € LPO)(Q; R™), we have

if [|ul[p)y < 1 then pp(y(u) < [lullp)

and
1f|]uHp () > Lthen ppy(u ) > Hqu(,).
Moreover, we have that for every u € LPC)((€; R™))
1 1
[ullpey < max{(pp()(w))*™, (pp(y(w))* }- 2.1

Finally, when p is bounded and there exist 5 > 0 such that p™ < Sp~, we have (see Lemma
3.2in [17]), that for every 1 < ¢ < p~ and u € LPO)((Q; R™)),

1_1 B(L_L q(f—1),1
||ul]y < max{|Q| p,fu<qp+@u4—(lﬁ_)hHMpo- (2.2)

We have also the following Lemma that will be useful for the computation of the upper bound
in Theorem 1.1.

Lemma 2.1. Suppose that p is bounded and let v € L*°(XY), then we have

+ —
1 p_ p_
— +
ollogy < 2% max{llolle, lellpos I ol )

Proof. Using (2.1), we have that
1 1

[[ollp() < max{(pp()(v))*™, (pp() ()77 }- (2.3)

Let A = {z € Q, |v(z)| > 1}. Then we have

WSAMWPM+AMMMPM

g/mmﬁm+/mmww
Q Q
Thus, we have

(aty (07 < 2 max{( [ o))" ([ o) da)F)

1 P
< 20" max{[[v|lp+, [[[[27} 24
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1 "

< 20 max{|lollp- [lol2 . 25)

BN E
Using (2.4), (2.5), (2.3) and noticing that 2r~ > 2»* | we obtain the result.
O

2.3. Cross quasiconvexity. The limit model obtained by I'-convergence techniques, involves
an energy functional that is lower semicontinuous with respect to the considered topology.
Thus, we define the cross-quasiconvex envelope (see [9, 10, 22, 23]), which is a special case of
the notion of .A-quasiconvex envelope defined in [24], for V : [0, 1] x M™*Y — R, with

V(k,A) = kW1 (A) 4+ (1 — k)Wa(A),
by

Sl

i, A) = int {(( [ (V) 4+ Vet)ie)

WLP SR™
9#) 790 € # (Qa ))

0 € Lo {0,1}), /QH(QJ)da: - H},

where
W;’p(Q;Rm) ={p¢€ VVlE’f(RN;Rm) : p is @Q periodic},
with Q being the unit cube in RYY. We have the following result proved in [1], that will be
useful for the computation of the lower bound of the I'-limit.
Lemma 2.2. Let 1 < p < p' < oo. Then, for every (k, A) € [0,1] x M™*N  we have
Vy(k, A) < V3i(k, A).
This Lemma enables us to define V* : [0, 1] x M"™*¥ — R by letting

VA5, A) =l V(s A) = sup Vs, ).
The following Lemmas are a consequence of the dimension reduction studied in [9, 10]. Their
proofs follow the same steps as in [9, 10] with simpler arguments since we have no dimension
reduction process within it, we therefore omit them. See also [23].

Lemma 2.3. Let 1 < p < oo. Suppose u,, — win WP (Q: R™) and x,, = x in L>®(£2; [0, 1]),
then

lim inf ||V} (xn, Van)llp = 1V (6 Vo) llp-
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Lemma 2.4. Let 1 < p < co. For everyu € WYP(Q; R™) and x € L>(£2;[0,1]), there exist
Uy € WIP(QR™) and x,, € L(S2; {0, 1}) such that u,, = win WP(Q; R™) and x, — x
in L*>°(Q; [0, 1]), with

lim sup va*(Xm Vug)||p < H‘/;;*(Xa Vau)|lp.

n—oo

3. RELAXATION RESULT
The following relaxation result is a consequence of the I'-limit result obtained in [1].

Proposition 3.1. Let py > 1. For every x € L>(;[0,1]) and u € W1 (Q; R™) let

IO u) = [V, Vo)l 3.1
and

Gx;u) = [V (X, V) |oo-
Then, G(x,u) is the lower semi-continuous envelope of J(x,u) with respect to the weak-x*
L>®(92;[0,1]) x WHPo(Q; R™) weak topology.

Proof. The proof is a consequence of the I'-limit result obtained in [1]. Indeed, it was proved
in [1] that the I'-limit with respect to the weak-* L>(£2; [0, 1]) x W1Po(Q; R™) weak topology
of the sequence of functionals (1)),>p, defined on L>°(£2; [0, 1]) x LP°(Q;R™) into R by

VO, Vu)ll, if x € L%°(Q;{0,1}), u e WHe(Q;R™),
+00 otherwise.

IP(X?”) = {
is given by
- G(x,u) if we WhHe(Q;R™),
400 otherwise.

Let JP° be the lower semi-continuous envelope of .J with respect to the weak-* L>(; [0, 1]) x
Whpo(©; R™) weak topology. Following the same steps as in [1] with minor changes (see
Appendix), we prove that the same I'-limit is given by

_ {JPO(X,U) if e Who(QR™),

I(x,u) = (3.2)

400 otherwise,

which gives the result. g

4. PROOF OF THEOREM 1.1

As usual for the computation of the I'-limit, we split the proof in two steps, the first dealing
with the lower bound and the second dealing with the upper bound.

Step 1. The lower bound. We suppose that min{~;,v2} < 1, the proof when ; > 1
is analogous with very minor changes. Let (y,u) € L>(;[0,1]) x W1Po(Q;R™) and
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(Xn, Un) € L=(2;]0,1]) x WP (Q; R™) such that x,, — x in L>(Q;[0,1]) and u,, — u in
Whpo(€; R™). We will prove that

liminf I, (xn, un) > I(x,u).
We can suppose that M = liminf I,,(x,, un) < 0o. There exist ng € N such that for every

n > no we have I,(xn,un) < M + 1, which means that for every n > ng, (Xn,un) €
L®(2;{0,1}) x WHP()(Q; R™) and

Ly (Xn»un) = HV(Xna vun)HPn(-)'

Let p > 1. Since p,, — +00, there exist n; € N such that for every n > n; we have p,; > p.
Using (2.2), we have that for every n > max{ng, n1}

G 4 ZL:U]%(M +1):= dpn.

n

11
[V (Xn, vun)”p < max{|Q|” »n,|Q]

Notice that, since x,,(z) € {0, 1}, for a.e. z € €, we have
DX Wi (Vtn) + (1= xn) W (Vun)[” = xa W' (Vun) + (1 = xn) W5 (V).

Thus, using the coercivity condition and letting & = min{ay,as}, v = min{yy,v2}, we
obtain that

@ng/xﬂwam@+u_xmwﬁv%m@i
Q

v

M/XMV%WP+G—X@VmﬂWmﬁ
Q

v

a(/ Xn| VP + (1 — Xn)|Vun|72pdx)%
{|IVun|>1}

af Xn|Vun P + (1 — Xn)|Vun|7pdas)%
{|Vun|>1}

=M/ IV [Pda) 7,
{|Vun|>1}

1 dp.n
( [V, |["dz)w < (—=)7.
{|Vun|>1} «Q

v

which gives

2=

Next, we have

/]Vun]“/pd:v:/ \Vun\wdx—i-/ |Vuy,|"Pdz
Q {IVun|>1} {IVun|<1}

Op,n
< (2 + o)

and thus

Opm L 1
IVunllp < (22)7 + 025,
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1 8
Since limy, 400 0p,n, = 0p = max{|Q|7, Q|7 }(M + 1), we have the existence of ng € N
such that for every n > ng, 0y, < 0 + 1. Thus, for every n > max{ng, n1,na} we have

UREIENTE

IVt |yp < (

Next, using Poincaré’s Inequality we prove that (u,,) is also uniformly bounded in L"?(Q2; R™)
and thus it is uniformly bounded in WP (€2;R™). Up to a subsequence we have that (u,,)
converges weakly to u in W7P(Q; R™). Next, we prove that u € W1 (€; R™). We have,
for every xy € 2 and ¢t > 0 such that the open ball B;(z() C £2, that

1 1
TH |Vuldz < [Bi(xo)|” 7 ||Vull
| Bi (o) Bi(ag) "

B
< |Bi(wo)| 77 lim inf [[ V||

1/ 0p+11 1
< Bufao) |77 ((Z2)7 + 1907 ).
Letting p — oo, we obtain that

1 M+ 2
—_ |Vuldx < ( i
Buwoll J.,

)%+1.

Then, letting t — 0T, we obtain that for every Lebesgue point o € 2 we have

M +2
o

Vu(ao)| < ( )7 +1

and thus, since {2 is bounded, we obtain that for a.e. g € Q)

M+2 1 )

[u(o)| < C@) ()7 +1

o'
which gives that u € W1°°(Q; R™). Finally, we have for every n > max{ng,n1}
L (Xn, un) = ||V (Xn, vun)”pn()
1
— [V (Xn, V) ||

>
p7n
o5
> 7||V(Xnavun)”’yp
p’n
o5
> ||V7p(xn7 vun)| |’Ypa

p?n
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with 1, ,, 1= Jf/[+1 Since x,, — x in L=(Q;[0,1]) and u,, — w in WP (Q; R™), the cross
quasiconvexity of V. implies that

~v—1
Q%
lim inf I, (xn, un) > | 7’7 liminf [|V3,(xn, Vun)|yp
p
‘Q’ P
|| (Xavu)va
with 7, = <. Let go < yp. We have that

—1

IQI

Q q0—P
lim it Ty (s ) = P10 5 V2 (3, V) =

p
Letting p — oo we obtain that

|| 7006 V) [go -

;1
lim inf I, (xn, un) > [Q] 9 |[V*(x, Vu)||q-
Finally, letting gg — +00 we obtain that
liminf I, (xn, un) > ||[V*(x, V)| |c0,

which concludes the lower bound.

Step 2. The upper bound. Let (y,u) € L>(; [0, 1]) x LP(Q; R™). If u ¢ WL (Q; R™)
then I(,u) = oo and there is nothing to prove. Thus, we suppose that u € W% (Q; R™).
Using the upper bound of the I'-limit result obtained in [1], we have the existence of (xy,, u,) €
L®(;{0,1}) x Wh™(Q; R™) such that y,, — x in L®(€; [0, 1]), u, — w in WP (Q; R™)
verifying

lim sup ||V (xn, Vun)|ln < [|V*(x, V)| co- “4.1)

n—oo -
We suppose that for some N € N, we have p,f < n for every n > N, otherwise we chose a
subsequence n’ verifying p;” < n’ that we still label n. Then, using Lemma 2.1, we have for
everyn > N,

In(Xm un) = ||V(Xm vun)Hpn( )

1
< 2vn max {[|V (xn, Van)| [ [V (xns Viin)|| -
Py Pn

= o
IV Cns T[22 1V Gen, Fasm) 125 3.
Using Holder inequality, we obtain that

+

1 n—pn n—pn

Ln(xn, un) < 2% max {|Q] "% ||V (xn, Vttn) ||, 2] 707 |V (s Vi)

a— o LI

n—Pn Pn_ n—Pp pn

1O v [V (o, V)| 192 7 0 ||V (i, V)| [5 3-
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Making n — oo and using (4.1), we obtain that
lim sup I, (Xn, un) < [|[V*(x, VU)||0o
n—oo

which gives the result

5. AN AUXILIARY RESULT

In Theorem 1.1, we obtained the integral representation of the I'-limit of the sequence of
energy functionals defined with the variable exponent that is, for every x € L>(; [0, 1]),u €
Wl,oo (Q, Rm),

I(x,u) = o 1}n{fu }{liminf [V (X, Vun)llp, (> Xn € L(2;{0,1}),

Uy € WP (QR™), xp = xin L®(€[0,1]), up — win WHPO(Q; R™)}.
As in [9], we can deduce the following result, using the same arguments.

Theorem 5.1. Consider the same hypothesis of Theoreml.l, supposing v1 = ~vo = -y and the
additional growth condition : there exist Cy,Co > 0 such that

Wi(A4) < Ci(1+ |A]).
Let 0 < A <1,

Gi(u) = o 1}n{fu }{liminf 1V (X, Vun)llp, () Xn € L7(€;{0,1}),

1
Uy € W2 O(Q:R™), w,, — win WP (Q; R™), ]Q‘/ Xn(z)dr = A}
Q

and
1
D) = inf{T0cu)s g | x(o)dz = A).

X €2 Jo

Then
Gy =1I,.
Proof. Letu € W1H*°(Q; R™). First notice that
G)\(u) > I)\(U)

1
Indeed, let x,, € L>(;{0,1}) such that 9] / Xn(z)dx = A, then, for a subsequence we
Q
have y,, — x in L>®(£; [0, 1]) with x € L>(Q; [0, 1]) which gives the first inequality.
For the second inequality, lete > 0, then there exist xy € L>°(; [0, 1]), with ﬁ Jo x(z)dx =
A such that
e+ In(u) > I(x,u).
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Let x, € L®(Q;{0,1}), u, € WhHPrl)(Q; R™) such that x,, — x in L>®(;[0,1]) and
Up — w in WHPO(Q; R™) with
Jm [V (xn, Vua)llp, () = 10 u) < e+ I(u).
1

If 9] Xn(z)dx = X then we obtain the result letting ¢ — 0. Otherwise, we need to
Q

1
construct x,, € L*(€;{0,1}) with ‘Q|/ Xn(x)dxr = X\ and
Q

Jm (I G, Vun)llp, ) < B 11V O, Vean) lp, -

E
We suppose that x, = xg,, With £, C Qand 0 < |En| < A Let

Q]
Q| — n
fon = U|Q|| —’55”’

where [z] denotes the integer part of x. We have
A — [ En| Al — | Enl
. a1

and since x, — x in L*>(; [0, 1]) with |Q|/ x(x)dx = A, then |E,| — A|Q| and thus

Q
K,, — oo. Next, since

[Q\ER| > (1= A)[Q] >0,
we can have the following disjoint decomposition
|Q\E,| = U F; U B,

with | E;| = A|Q| — | E,|. Then, the coercivity condition implies the existence of ¢ > 0 such

that
Kn
Z/ ]Vun]”’p"(x)da: < / ]Vun]wn(x)da: < ec.
=1/ Ei O\En

Thus, there exist 1 < i(n) < K, such that

Kn/ (V| Pn @z < ¢,
Ei(n)

which gives that

lim |Vt | P @) iz = 0.

n—-+o0o Ei(n)

Using the growth condition, we obtain that

lim W1 (Vu,)Pr@dz = lim Wo (Vg )Pr® dz = 0. (5.1)

n—-+oo Ei(n) n—-+00 Ei(n)
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1
Let X», = x&, + Xy We have x,, € L*>(€;{0, 1}) with 9] /Q Xn(z)dx = . Moreover,

1V (Xns Vun)llp, ) = IV s V) + x5, (Wi(Vun) = Wa(Vun))lp, ()
and thus
[V (Xn, vUn)”pn(.) <V (xn, vun)”pn(.)
1y, W (T, ) + X, Wa(Vin) g, -
Using (5.1), we obtain that
i IV o, V)l ) <l IV O Tl

| Enl

n

which concludes the proof in the case ﬁ < A. A similar construction can be made when
| Enl . €2 — | Bl

—— > Asetting K, = [7} g
] SR (R P YY

6. APPENDIX

In this section we will prove an analogous result to Theorem 1.1 in [1] where the limit
functional contains JP° instead of G, thus obtaining (3.2) in the proof of Theorem 5.1. The
proof of the next Theorem follows the same steps as in [1] with minor changes and thus we
will focus on these changes.

Theorem 6.1. Ler 1 < py < oo. Consider the sequence of functionals (Ip)p>p, where p
denotes a sequence p,, — +00, defined on L>°(2;[0,1]) x LPo(Q2; R™) by

X € L=(€2:{0,1}),

(/waw (- OWa(Vayds)’ i {u e WR(QR™),

+o00  otherwise,

Ip(x,u) =

where W; : M™N — R are continuous functions verifying linear growth and coercivity
hypotheses: there exist «;, B; > 0 such that

Bil Al < Wi(A) < au(1 + |A]).
Let I be defined on L>°(€2;[0,1]) x LPo(2; R™) by
JPo(x,u) ifu € WHo(Q; R™),
I(W)_{ (x.u) i (%R™)

400 otherwise,

where J is defined in (3.1) and JP° is its lower semicontinuous envelope with respect to
the weak-+ L>°(£2;[0,1]) x WhPo(Q; R™) weak topology. Then, the sequence of function-
als (Ip)p>p, I-converges to I as p goes to +o0o with respect to the L>(€2;[0,1]) weak-* x
WLPo (€; R™) weak topology.
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Proof. Step 1. The lower bound. Let (x,u) € L>®(€;[0,1]) x LP°(Q; R™) and (xp, up) €
L2°(9; [0, 1]) x LPo(€2; R™) such that y, — y in L>®(£;[0,1]) and u,, — win WP (Q; R™).
We will prove that

o S .
lim inf I (xp, up) 2 I(x, u)
We can suppose that M = linlinf I, (xp, up) < oo, which implies that x,, € L>(€;{0,1})
p—0o0

and u, € WLP(Q; R™). Asin [1], we obtain that for some p; > pg and for every r > p1, (up)p
is uniformly bounded in W1 (Q; R™) and thus, up to a sub-sequence, it converges weakly in
WL (Q;R™) to u € WHe°(Q; R™). Then, still as in [1], we obtain that for every r > p;

r—p
Ip(thUp) > QP HV(xp,Vup)HT,

where V is defined in (1.1). Making » — oo, we obtain that

1
Ip(Xps up) 2 [Q7 [V (Xp, Vup) oo,
and thus, using the lower semicontinuity of .JP0, we obtain that
o > Timi
hpn_lg}lf Ip(Xp up) = hpn_l)lolgf IV (Xp, Vp)lloo
= lim inf J (xp, up)
> limi TPo
= lim inf J% (xp, up)
> JP(x, u).
This last inequality insures that we have
I' — liminf I,(x, u) > I(x, u),

for every (x,u) € L>(£;[0,1]) x LPo(Q;R™).
Step 2. The upper bound. We need to prove the converse inequality stating that

I' — limsup I,(x, u) < I(x,u)

for every (x,u) € L>®(Q;[0,1]) x LPo(;R™). If u ¢ W1 (2; R™) then there is nothing to
prove. Then, let (y,u) € L>=(Q;[0,1]) x W1H>°(Q; R™). In [1], we obtained that

I' — limsup I,(x, u) = [[V*(x, VU)||c-

Thus, we have
I' — limsup I,(x, u) < [|V(x, VU)o = J (X, u).

Finally, taking the lower semicontinuous envelop with respect to the L>°(€2; [0, 1]) weak-* x
WLPo(0; R™) weak topology on both sides of the last inequality, we obtain that

I — limsup I, (x, u) < JP(x, u)

and thus the result. g
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