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ABSTRACT

We introduce two mass-conserving versions of the parabolic sine-Gordon equation, based on a
nonlocal Lagrange multiplier and an H ~!-gradient flow. Both models preserve the multi-phase
structures arising from the periodic potential of the parabolic sine-Gordon equation. We develop
convex splitting schemes for time discretization, extended to high-order temporal accuracy, and
prove that the schemes are mass-conserving and energy-stable. Numerical experiments demon-
strate the accuracy, mass conservation, and energy stability of the proposed schemes and illus-
trate the differences in multi-phase dynamics between the two models.

INTRODUCTION

The PSG equation [1] is a type of phase-field model defined as

ggtb = A¢ + nrsin(ng), (D

where ¢(x,t) is the order parameter on a domain 2 C R? (d = 1,2,3) with homogeneous
Neumann boundary conditions. This equation is the L?-gradient flow of the energy functional

E(p) = /Q (622‘V¢’2 + 77(1 + cos(wgb))) dr. (2)

The PSG equation does not conserve mass. Thus, we propose two mass-conserving versions.
The first is the conservative PSG (CPSG) equation, obtained by adding a nonlocal Lagrange
multiplier

¢y = EA¢ + nrsin(me) — |§12| /Q nmsin(re) dx. 3)

The second is the H~!-gradient-type PSG (HPSG) equation, which applies the H ~!-gradient
flow ¢, = A(6E /o) to the energy functional (2)

b = Ap, p=—€e2A¢p — nrsin(no). 4)

Both models satisfy mass conservation and the energy dissipation law.



NUMERICAL METHOD

We develop mass-conserving and unconditionally energy-stable schemes for the CPSG and
HPSG equations via the linear convex splitting method of PSG equation [2]. Following this
approach, the energy functional (2) is split as £(¢) = E.(¢) — E.(¢). Treating &£, implicitly and
&. explicitly, the convex splitting scheme for the CPSG model reads

qbn-l—l ¢n
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A7 = A ad" + ag” + nmsin(wo") il / nmsin(re™)dx.  (5)

Similarly, applying the H ~!-gradient flow to the convex splitting, the scheme for the HPSG
model reads

¢n+l ¢n

X = A(=€A¢™ + ag™! — ag" — ymsin(me")). (6)

The resulting linear systems are solved efficiently using a spectral method based on the dis-
crete cosine transform. To achieve high-order temporal accuracy, we apply the convex splitting
Runge—Kutta method [3], which retains these properties. In numerical tests, we examine tem-
poral convergence rates, discrete mass conservation, and monotone energy decay for both the
CPSG and HPSG models. We also compare the multi-phase dynamics of the two models to
illustrate how different structures affect the evolution of individual phase regions.
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